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In this summary of my talk I will review the following the following three theoretical
aspects of the quantum neutrino: current status, why we need precision measurements
and neutrino oscillations amplitudes.
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1. Current Status:
Circa 2017, it is now well established that neutrinos have mass and the that the
flavor or interactions states νe, νµ and ντ are mixtures of the the mass eigenstates
or propagations states, unimaginatively labelled ν1, ν2 and ν3. The interaction and
propagation states are related by an unitary matrix, the PMNS matrix, as follows: νeνµ
ντ
 = U23(θ23, 0) U13(θ13,−δ) U12(θ12, 0)
 ν1ν2
ν3
 . (1)
where the U ’s are the usual complex rotation matrices given by
[Umn(ξ, η)]ij = [1 + (cξ − 1)(δim + δin)]δij + (sξeiη) δimδjn − (sξe−iη) δinδjm.
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where the U ’s are the usual complex rotation matrices given by
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Fig. 1. The identity of the neutrino mass eigenstates or propagation states is determined by their
⌫e content: ⌫1 has the largest (⇠68%), ⌫2 is in the middle (⇠30%) and ⌫3 has the least (⇠2%).
The remaining components are a combination of ⌫µ and ⌫⌧ but it’s the ⌫e fraction that defines
the identity of these states. Some, use the masses to label these states, but since we don’t know
both the mass orderings at this stage, using the electron flavor content is simpler.
Fig. 1. The identity of the neutrino mass eigenstates or propagation states is deter ined by their
νe content: ν1 has the largest (∼68%), ν2 is in the middle (∼30%) and ν3 has the least (∼2%).
The remaining components are a combination of νµ and ντ but it’s the νe fraction that defines
the identity of these states. Some, use the masses to label these states, but since we don’t know
both the mass orderings at this stage, using the electron flavor content is simpler.
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2
Placing the CP violating phase in the U13 matrix is customary, however oscilla-
tion physics is unaffected by placing this phase in U23 or U12 since
U23(θ23, 0) U13(θ13,−δ) U12(θ12, 0) :=: U23(θ23, δ) U13(θ13, 0) U12(θ12, 0)
:=: U23(θ23, 0) U13(θ13, 0) U12(θ12, δ)
where :=: means equal after multiplying by a diagonal phase matrix on the left
and/or right hand side.
At the current time, it is most convenient to label the neutrino mass eigenstates
according to the size of νe fraction as is shown in Fig. 1. With this choice for the
mass eigenstates, it is natural to choose the order of the Uαj matrices as in Eq, 1 so
that the first row and third column are simply, since these elements are most easily
measured.
Since the neutrino oscillations with a ∆m2 ≈ 2.5 × 10−3eV2 has only small
amounts of νe, it is ν1,2 that is has a |∆m221| ≈ 7.5×10−5eV2. The SNO experiment
determined the mass ordering of ν1 and ν2, m2 > m1, see Fig. 2.
The remaining mass ordering, whether m3 is larger or smaller than m1 and m2,
is shown in Fig. 3. Current and future experiments such as NOνA, JUNO, DUNE,
T2HKK are designed to determine this mass ordering.
Fig. 2. The solar mass ordering of ν1 and ν2 was determined by the SNO experiment using the
matter effects in the solar interior. The mass of ν2 is larger than the mass of ν1 with ∆m221 ≡
m22 −m21 ≈ 7.5× 10−5eV2. Here, I have assumed that the νµ fraction is equal to ντ fraction for
both mass eigenstates.
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Fig. 3. The atmospheric mass ordering, sometimes referred to as mass hierarchy, is the question
of whether the mass of ν3 is larger or smaller than ν2, ν1. |∆m231| ≈ |∆m232| ≈ 2.5 × 10−3eV2.
Here, I have assumed that the νµ fraction is equal to ντ fraction for all three mass eigenstates.
Fig. 4. Is the dominant flavor of the mass eigenstate ν3, νµ or ντ ? If ντ dominates then the
parameter θ23 < pi/4, whereas if νµ dominates then θ23 > pi/4. This is often referred to as the
octant of θ23 puzzle.
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The octant of θ23, determines which flavor state dominates ν3, see Fig. 4.
Whereas the range of νµ and ντ components of ν1 and ν2 are determined not only
by the allowed range of θ23 but also by the CP violating phase δ (cos δ to be
precise). There is significant depends on δ for the magnitude of Uµ1, Uµ2, Uτ1 and
Uτ2 elements of the PMNS matrix. This fact is quite different than in the quark
sector !
Fig. 5. The νµ and ντ fractions of ν1 and ν2 depends sensitively on both the value of θ23 and
the CP phase δ. The flavor fractions vary the most for ν1, between δ = 0, sin
2 θ23 = 0.4 (upper
left) and δ = pi, sin2 θ23 = 0.6 (lower right). Whereas for ν2, the most variation is between δ = pi,
sin2 θ23 = 0.4 (lower left) and δ = 0, sin
2 θ23 = 0.6 (upper right). Factors of 2 to 3 differences are
still allowed by the data. Note that is δ = ±pi/2, sin2 θ23 = 0.5 (middle middle), then the νµ and
ντ content is the same for all three mass eigenstates.
In the quark sector only the magnitude of UCKMtd has any significant depends
on δCKM . This occurs because of the hierarchy in the sizes of the mixing angles in
the CKM matrix: θ12 ∼ λ, θ23 ∼ λ2 and θ13 ∼ λ3 where λ ≈ 0.2.
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2. Why we need Precision Measurements
Four reasons for performing precision measurements:
2.1. For Discovery of New Physics
An experiment like ICECUBE can discover new physics in the flavor ratios of their
PeV neutrinos, if precise values of the predictions for the νSM are known, see Fig.
6, from1.
John	Beacom,	The	Ohio	State	University Neutrino	University	Seminar,	Fermilab,	July	2017 32
Flavor	Composition	of	Mass	Eigenstates
Bustamante,	Beacom,	Winter	
(2015,	PRL)
Neutrino	mixing	
angles	are	all	
large,	well	known
(and	similar	for
both	hierarchies)
Fig. 6. Variation of flavor ratios using our current uncertainty on δ (left panel) and θij , δ (right
panel), from Bustamante, Beacom and Winter.
2.2. Stress Test Three Neutrino paradigm
Compared to the Quark sector the unitarity of the PMNS matrix has only been
tested at the 10% level2.
10-2 10-1
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Fig. 7. The current triangle (left) and normalization (right) unitarity constraints on the elements
of the PMNS matrix form Parke and Ross-Lonergan. There is still plenty of room for new physics,
such as a light sterile neutrino.
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2.3. Test Theoretical Neutrino Models
Fig. 8 shows how improvements on the measurements of the mixing angles and CP
violating phase can used to distinguish various models that could possibly explain
the mixings of the neutrinos.
Stephen Parke                      Lepton-Photon 2017, Guangzhou                    8/10/2017        #                     24
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Predictions from cosδ sum rules for discrete symmetries:
Predictions of flavor symmetry forms 
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Girardi, Petcov, Titov, arXiv:1410.8056Fig. 8. Current status (left) and future status (right) of the labelled models predictions for cos δ
from Girardi, Petcov and Titov3.
2.4. Connection to Leptogenesis Understanding Universe
Fig. 9 gives the allowed region for a model4 with the measured value of the Baryon
asymmetry of the universe on the neutrino parameters
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for th Jarlskog invariant, J ≡ Im(VudVcbV ∗ubV ∗cd) = 2.69 × 10−5, in the quark sector also agrees
with the current global fit value.) Potential direct measurements for these parameters at the LHCb
can test our predictions.
As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino
mixing angle and the Cabibbo angle in the quark sector, tan2 θ⊙ ≃ tan2 θ⊙,TBM + 12θc cos δℓ, with
δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition, our model
predicts θ13 ∼ θc/3
√
2. Num rically, the diagonalization matrix for the charged lepton mass matrix
combined with UTBM gives the PMNS matrix,⎛⎜⎜⎜⎝
0.838e−i178o 0.543e−i173o 0.0582ei138o
0.362e−i3.99o 0.610e−i173o 0.705ei3.55o
0.408ei180
o
0.577 0.707
⎞⎟⎟⎟⎠ , (22)
which gives sin2 θatm = 1, tan
2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and
ξ0 = 0.0369, give ∆m
2
atm = 2.4 × 10−3 eV2 and ∆m2⊙ = 8.0 × 10−5 eV2. As the three masses are
given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass
hierarchy, ∆m2atm > 0 [8]. The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently,
this gives a Dirac CP phase, δℓ = 227
o. With such δℓ, the correction from the charged lepton sector
can account for th diffe e ce between the TBM prediction and the current best fit value for θ⊙.
Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π
and α31 = 0.
Our model has nine input parameters, predicting a total of twenty-two physical quantities:
12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is
testable by more precis experimental values for θ13, tan
2 θ⊙ and γ in the near future. δℓ is the
only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number
asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the
matter-antimatter asymmetry [18].
Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP
violation. This is manifest in our model based on SU(5) combined with the double tetrahedral
group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG
coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and
scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the
current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,
which gives the cosmological matter asymmetry.
8
Ma 2016, Ma 2017
Ballet King Pascoli 
Prouse Wang 2016
GUTs typically predict: 
Majorana neutrinos 
Normal mass ordering
θ23 in first octant
“ arge” θ13 if θ12 and θ23 are la ge
No light sterile neutrino
For a certain cl ss of flavor groups:
1) δCP is related to the Clebsch-Gordan coefficients
2) Dependence on group and fermion representations
Some predictions
Fig. 9. Consistency of the model by Ballet, King, Pascoli, Prouse and Wang which has the
measured value of the Baryon asymmetry, through Leptogenesis, with the measured values of the
parameters θ13, ∆m221 and ∆m
2
31.
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3. Neutrino Amplitudes:
The neutrino oscillation probability can be written as
P (να → νβ) = |Aαβ |2 where Aαβ =
∑
j
U∗αjUβje
−im2jL/2E (2)
For two flavors we simple obtain
Aαα = 1 + 2i s2θ e+i∆ sin ∆ and Aαβ = (2sθcθ) sin ∆
where ∆jk = ∆m
2
jkL/4E.
For three flavors, there are an infinite number of ways of writing these amplitudes
which all give the same result. So we need an organizational principle. It is known
that the ντ oscillation amplitudes can be obtained from the νµ oscillation amplitudes
by making the following replacements s23 ↔ c23 and δ → δ + pi. This follows from
the form of the U23 matrix on the left hand side of the PMNS matrix, eqn. 1.
Similarly, if one considers the rotation matrix on the right hand side of the
PMNS matrix, U12, there is a symmetry that leaves the amplitudes invariant: the
symmetry is m21 ↔ m22, s12 ↔ c12 and δ → δ + pi which follows from
U12(θ12, δ)
(
ν1
ν2
)
= U12(pi/2 + θ12, δ)
(−eiδ ν2
e−iδ ν1
)
= U12(pi/2− θ12, δ ± pi)
(
eiδ ν2
−e−iδ ν1
)
.
To maintain this symmetry, use unitarity to remove the U∗α3Uβ3 term in eqn. 2,
giving
Aαβ = δαβ + (2i)
∑
j=(1,2)
U∗αjUβj e
i∆3j sin ∆3j , (3)
thena
Aee = 1 + (2i) c213 [ c212 ei∆31 sin ∆31 + s212 ei∆32 sin ∆32 ]
Aµµ = 1 + (2i) [ (c223c212 + s213s212s223) ei∆32 sin ∆32
+ (c223s
2
12 + s
2
13c
2
12s
2
23) e
i∆31 sin ∆31
+ (s13s12c12s23c23 cos δ) e
i(∆31+∆32) sin ∆21 ] (4)
Aµτ = (2c23s23) [ (s212 − s213c212)ei∆31 sin ∆31 + (c212 − s213s212)ei∆32 sin ∆32 ]
− (2s13s12c12) [c223eiδ − s223e−iδ] ei(∆31+∆32) sin ∆21
Aµe = (2s23s13c13) [ c212ei∆31 sin ∆31 + s212ei∆32 sin ∆32 ]
+ (2c23c13s12c12) e
i(∆31+∆32+δ) sin ∆21
aSince the overall phase of an amplitude is arbitrary, there are arbitrary choices for the overall
phase of each amplitude.
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No approximation has been used to obtain these amplitudes and all of these am-
plitudes explicitly satisfy the 1 ↔ 2 symmetry mentioned earlier. Again as an
organizing principle, I have separated only the terms which involve e±iδ as they al-
ways appear multiplied by sin ∆21( note sin ∆21 = e
−i∆32 sin ∆31 − e−i∆31 sin ∆32).
If one uses the approximation that ∆32 ≈ ∆31 then we can rewrite
Aµe ≈ (2s23s13c13) sin ∆31 + (2c23c13s12c12) ei(δ+∆32) sin ∆21
and then it’s simple to see that the CP violating term is given by
∆P CP = 8 (s23s13c13) (c23c13s12c12) sin δ sin ∆21 sin ∆31 sin ∆32 (5)
In Fig. 10 we give a graphical representation of the amplitude for νµ → νe and the
associated bi-probability plot.
Fig. 10. The amplitude for νµ → νe as well as ν¯µ → ν¯e and the associated bi-probability plot.
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4. Perturbative Approximation to the Neutrino Oscillation
Probabilites in Matter
In this section, a simple and accurate way to evaluate oscillation probabilities, re-
cently shown Denton, Minakata and Parke5, is given. Details as to the why’s and
how’s of this method are contained in these papers.
The mixing angles in matter, which we denote by a θ˜13 and θ˜12 here, can also
be calculated in the following way, using ∆m2ee ≡ cos2 θ12∆m231 + sin2 θ12∆m232, as
follows, see Addendum? :
cos 2θ˜13 =
(cos 2θ13 − a/∆m2ee)√
(cos 2θ13 − a/∆m2ee)2 + sin2 2θ13
, (6)
where a ≡ 2√2GFNeEν is the standard matter potential, and
cos 2θ˜12 =
(cos 2θ12 − a ′/∆m221)√
(cos 2θ12 − a ′/∆m221)2 + sin2 2θ12 cos2(θ˜13 − θ13)
, (7)
where a ′ ≡ a cos2 θ˜13 + ∆m2ee sin2(θ˜13 − θ13) is the θ13-modified matter poten-
tial for the 1-2 sector. In these two flavor rotations, both θ˜13 and θ˜12 are in range
[0, pi/2].
θ23 and δ are unchanged in matter for this approximation.
From the neutrino mass squared eigenvalues in matter, given by
m˜23 = ∆m
2
31 + ( a− a ′ ),
m˜22 =
1
2
(∆m221 + ∆m˜
2
21 + a
′ ), (8)
m˜21 =
1
2
(∆m221 −∆m˜221 + a ′ ),
it is simple to obtain the neutrino mass squared differences in matter, i.e. the ∆m2jk
in matter, which we denote by ∆ m˜2jk, which are given by
∆ m˜221 = ∆m
2
21
√
(cos 2θ12 − a ′/∆m221)2 + sin2 2θ12 cos2(θ˜13 − θ13) ,
∆ m˜231 = ∆m
2
31 + ( a−
3
2
a ′ ) +
1
2
(
∆m˜221 −∆m221
)
, (9)
∆ m˜232 = ∆ m˜231 −∆ m˜221.
To see these expressions have the correct asymptotic forms, use the fact that
(∆ m˜221 −∆m221) = |a ′| +O(∆m221), for |a|  ∆m221. Plots of the matter mixing
angles and mass squared differences are given in Fig. 11.
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Fig. 11. In the normal ordering (NO): Top left, the matter potentials, a and a ′, top right, sine
squared of mixing angles in matter, sin2 θ˜jk, bottom left, the mass squared eigenvalues in matter,
m˜2j , and bottom right, the mass squared differences in matter, ∆ m˜2jk. Eν ≥ 0 (Eν ≤ 0) is for
neutrinos (anti-neutrinos). Eν = 0 is the vacuum values for both neutrinos and anti-neutrinos.
To calculate the oscillation probabilities, to 0th order, use the above ∆ m˜2jk
instead of ∆m2jk and replace the vacuum MNS matrix as follows
U0MNS ≡ U23(θ23)U13(θ13, δ)U12(θ12)⇒ UMMNS ≡ U23(θ23)U13( θ˜13, δ)U12(θ˜12).
That is, replace
∆m2jk → ∆ m˜2jk
θ13 → θ˜13
θ12 → θ˜12, (10)
θ23 and δ remain unchanged, it is that simple. We call this the 0th order DMP
approximation.
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These expressions are valid for both NO, ∆m2ee > 0 and IO, ∆m
2
ee < 0. For
anti-neutrinos, just change the sign of a and δ. Our expansion parameter is∣∣∣∣ sin(θ˜13 − θ13) sin θ12 cos θ12 ∆m221∆m2ee
∣∣∣∣ ≤ 0.015, (11)
which is small and vanishes in vacuum, so that our perturbation theory reproduces
the vacuum oscillation probabilities exactly.
If Aνα→νβ (∆m231,∆m221, θ13, θ12, θ23, δ) is the oscillation amplitude in vacuum,
see eq. 4, then Aνα→νβ (∆ m˜231,∆ m˜221, θ˜13, θ˜12, θ23, δ) is the oscillation probability
in matter, i.e. use the same function but replace the mass squared differences and
mixing angles with the matter values given in eq. 6 - 9. The resulting oscilla-
tion probabilities are identical to the zeroth order approximation given in Denton,
Minakata and Parke5.
In Fig. 12, I have given the exact and approximate oscillation probabilities for
the νe appearance channel for T2K
7 and T2HK8, NOvA9, T2HKK10 and DUNE11.
5. Conclusions
To summarize:
• from Nu1998 to now, tremendous experimental progress on Neutrino SM:
more at Nu2018 !
• LSND Sterile Nus neither confirmed or ruled out at acceptable CL: - ultra
short baseline reactor experiments.
• Great Theoretical progress on understand many aspects of Quantum Neu-
trino Physics: Oscillations, Decoherence, Oscillations Probabilities in Mat-
ter, Leptogenesis.
• Still searching for convincing model of Neutrino masses and mixings: with
testable and confirmed predictions !
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Fig. 12. For normal ordering (NO), νµ → νe appearance: Top Left figure is for T2K , Top Right
figure is NOvA, Bottom Left figure is T2HKK, and Bottom Right is DUNE. In each figure, the
top panel is exact oscillation probability in matter, P exmat (blue dashes) from
6, the zeroth order
DMP approximation, P 0thappx (red dashes) from
5 and the vacuum oscillation probability, Pvac (black
dots). The Middle panel is difference between exact oscillation probabilities in matter and vacuum
(black dots), and the difference between exact and 0th DMP approximation (solid red) and exact
and 1st DMP approximation (solid magenta) approximations. Bottom panel is similar to middle
panel but plotting the fractional differences, ∆P/P .
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